Abstract-We are interested in circularity measures which are invariant to rotation, scaling, and translation, are calculated very quickly and are resistant to protrusions in the data set. We propose several measures here, all of which are based on existing linearity measures that have been adapted to measure circularity. In order to make use of these linearity measures, we transfer the Cartesian coordinates of the input set into polar coordinates. The linearity of the polar coordinate set corresponds to the circularity of the original input set given a suitable center. We separately consider the circularity of ordered and unordered point sets. The circularity of unordered data is determined directly from the linearity measure, whereas the circularity of ordered data is derived by multiplying the unordered data circularity measure by a monotonicity factor. We discuss two ways of determining the center of the shape. The circularity measures are tested on a set of 25 curves. The proposed algorithms work on both open and closed curves, whereas all competing algorithms (except one) are linked with exclusively closed curves. The measures were compared with human measurements of circularity of the same set. The new methods are have been found to best correspond to human perceptions.
INTRODUCTION
We are interested in measuring how circular a finite set of points is. In analyzing various algorithms, we restrict ourselves to the following criteria. Circularity values are assigned to sets of points and these values shall be numbers in the range [0, 1] . The circularity measure equals 1 if and only if the shape is a circle. A shape's circularity value should be invariant under similarity transformations of the shape, such as scaling, rotation and translation. The algorithms should also be resistant to protrusions in the data set. Circularity values should also be computed by a simple and fast algorithm. Circularity measures were discussed in [LS, DD, CKT, KA, P] . All of them are area based and linked to closed curves except for one: [P] . This one is shape based and can be applied to open curves.
Here, we will propose and analyze shape based algorithms that assign circularity values to both open and closed curves, and to both ordered and unordered sets of points. These measures are adaptations of the linearity measures proposed in [SNZ] . These linearity measures are applicable since the input set of points to our circularity algorithms was transformed from Cartesian representation to polar representation, where highly circular input point sets become highly linear in the new representation, for a proper choice of center. We first consider measures for unordered point sets. The circularity of ordered sets is obtained by multiplying the unordered results by a monotonicity factor. The choice of center of each shape influences its overall circularity value. The center of each shape is traditionally seen as its center of gravity. We also consider another definition of shape center here.
One of the main advantages of our algorithms is that they work on both open and closed curves because they are shape based rather than area based. Our algorithms were tested on a set of 25 shapes. The results are compared against existing measures, and human measurements.
II. LITERATURE REVIEW The most used circularity measure is the well-known C=4z4/P2, where A is the area of the shape while P is its perimeter. It is scale independent. However, the border of an object may be highly irregular and the calculated value of C will then be very small and will not reflect the correct circularity measure, as observed in [DD] .
Di Ruberto and Dempster [DD] defined new circularity measures which are translation and scale invariant and are based on mathematical morphology. They [DD] make use of a distance function dist(p) associated with each pixel p, as the integer valued radius of the smallest circle which erodes p. The regional maxima of the distance function represents inner points off located at the longest distance from the border off. Let h=max{dist(p)} be the maximum distance function, then the V measure [DD] is defined as V=sum dist(p)/h3, which is the ratio of the volume of the generated shape of the distance function and the cube of the height of the same function. T measure is defined as T=A/h2 [DD] , where A is the area of the object. The E measure in [DD] is E=h/sqrt(A). The V, T and E measures are sensitive to intrusions, since the intrusion affects h, the radius of the largest circle inside the shape. In the Mmeasure in [DD] , the distances from the center of gravity from the border in several directions (e.g. 8 or 16 cardinal directions) are calculated and the object deformity is calculated by the variance of these distances. This measure is not invariant to rotations and can produce a measure of 1 for non-circular objects.
Proffitt [P] introduced measures for circularity and ellipticity on a digital grid. His circularity measure was based on taking the mean radius pir presumably from the center of gravity to each border pixel. The standard deviation ar of all such radii was also calculated. The proposed circularity measure was P = 1 -(Cr /Yr )2 . This is the only shape based measure that was found in literature. Lee and Sallee [LS] introduce a set of area based measures of circularity, triangularity, and rectangularity. Their circularity measure first separately calculates the intersection and union of the shape area S with the area of the circle C that best fits the shape. Their final circularity measure is the ratio of the areas of the intersection and union of S and C, (SnC)/(SuC). Kim and Anderson [KA] defined a compactness measure (which is a different name for a circularity measure) for convex sets as the ratio of the area of a convex region and the area of the smallest circle containing the region. The measure is then modified and applied to measuring the compactness of images with respect to digital disks. Both convex sets and digital disks are outside the scope of this research. They [KA] also observed that the perimeter calculation for digital arcs, where neighboring edges have lengths 1 or, measure octagonality rather than circularity in images. A similar observation was made by Bottema [Bo] Chatzis, Kaburlasos, and Theodorides [CKT] described an image processing method to automate the particle size and shape measurement procedure. The method is based on fuzzy mathematical morphology. It is applied to estimate the size and the shape of fertilizers particles produced in the fertilizer industry. The particles tend to be spherical as much as possible. Image thresholding (the threshold is the minimal value of the smoothed histogram of the grayscale image) is applied to separate fertilized pixels from the background. Connected components were then found, and the circularity of each component is estimated as follows. The area is the number of pixels that belong to the object. The perimeter of each object is computed using a method based on fuzzy mathematical erosion. Each object is eroded two times using a 3x3 square structuring element first, and then a 3x3 crossshaped structuring element. The perimeter is then estimated using the number of eroded pixels. The equal-area diameter of an object is defined as the diameter of a circle that has area equal to the area of the object. The circularity of an object is computed as the fraction between the equal-area diameter and another "equivalent diameter" computed as the diameter of an equal perimeter circle. The circle perimeter is calculated via the erosion based method. This circularity measure tends to the unit measure when the object tends to be a perfect circle. Note that this measure is in fact, similar to the square root of the traditional circularity measure. The difference is only that the perimeter is calculated differently.
The measures that satisfy our conditions of being resistant to protrusions, while at the same time being invariant to scaling, translation and rotation are: C, P, LS and CKT. P is the only one that is shape based. Note that CKT in fact measures digital circularity, but is added here to approximate the circularity of ordered point sets when the points in the set are pixels with integer coordinates.
Stojmenovic, Nayak and Zunic [SNZ] The linearity measures of [SNZ] were used to measure the circularity of polar coordinate input sets. The algorithm that was used to test circularity of a planar set of points with a general linearity methodX is presented below. Translate the set by (-Xc, -Yj) so that it is at the origin; Transform set to Polar Coordinates. X= linearity value of the polar coordinate set; M = Monotonicity of point set in polar coordinates; XM=X*M. Output: Circularity X, Ordered Circularity MX,)
Monotonicity measures the behaviour of curves with respect to their orientation line. It is expected that monotonic curves define a more linear ordered set of points than non-monotonic curves. Monotonicity is introduced to 'correct' the error made by using linearity measures for unordered sets. The algorithm works by taking N-4 pairs of points which are 4 positions apart. A vector v is found for each pair of points. Each v is multiplied by the orientation line vector of the whole set of points via a dot product. The orientation line is defined via central moments [C] . If the dot product is positive, the sign s of the magnitude mag of v is positive, otherwise it is negative. The sum of all s *mag is divided by the sum of the absolute values of all mag to form a monotonicity value. Monotonicity is multiplied by each linearity measure to make combined metrics that measure the linearity of ordered point sets.
The trivial way of choosing a shape's center is to take the per-coordinate average of all pixels, which is referred to as the center of gravity. This is the method that is usually chosen when measuring any shape property The circularity algorithms were tested on a set of 25 non trivial shapes. These shapes were assembled by hand and are meant to cover a wide variety of non trivial cases. Each shape comprises between 300 and 700 pixels. All shapes are digital, which is why the circularity measures are not ideal.
Four sets of measurements are presented here. One set is for the circularity measure where the center of the shape is chosen to be its center of gravity and the points are unordered, the next is the case where the center of gravity is chosen to be the 'true center' and the points are unordered, the third and fourth measures are identical to the first two except that the points of each shape are ordered. In order to get an idea of which measure best measures circularity, we compared them to human measurements of circularity. A group of 20 colleagues volunteered to give their analysis of the shapes in Figure 2 . Each measure was correlated to the average human results to find the one that best models them. Figure 2 shows the test curves used in the circularity experiments. Table I holds the circularity values as measured by each method on unordered point sets. The actual measures are in the interval [0, 1], but they are presented as integers in the interval [0, 100] in the tables to save space. The AOC column refers to the Average Orientations Circularity measure that takes the center of gravity as the center of each shape. A OT is the average orientations circularity measure that adopts the 'true center' method when calculating circularity. The CSC column refers to the Contour Smoothness Circularity measure that takes the center of gravity as the center of each shape. CST is the Contour Smoothness circularity measure that adopts the 'true center' method when calculating circularity. The P column shows the results of the measure proposed by [P] , and the 'center of gravity' was used as the shape center. The CKT column shows the results of the measure proposed by [CKT] . LS is the circularity measure proposed by [LS] . The C column shows the results of the standard measure of circularity. The perimeter of each shape was calculated as in [KA] . The H\M column depicts the average human perception of the circularity of each shape.
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Calculating all of the new measures was done very quickly on a 2.4 GHz AMD Athlon platform. The results of both tables are generated in less than 1 second by the computer.
Overall, the measure that best correlated with human perception on unordered point sets was SCS. For ordered sets, CSM proved most compatible. Aside from our own proposed method, the P measure was the closest competitor from the literature. 
